CHAPTER XVI
OBSERVATIONS ON THE THEOREMS OF CHAPTER XIV. AND THEIR
DEVELOPMENTS, INCLUDING TESTIMONY
1. IN Definition XIII. of Chapter XII. a meaning was given to
the statement that ajh and a2/fe are independent arguments,
In Theorem (33) of Chapter XIV. it was shown that, if ajh and
a2/A are independent, a^h^ajh. a^k Thus where on given
evidence there is independence between % and aa, the probability
on this evidence of a^ jointly is the product of the probabilities
of Oj and a2 separately. It is difficult to apply mathematical
reasoning to the Calculus of Probabilities unless this condition
is fulfilled; and the fulfilment of the condition has often been
assumed too lightly. A good many of the most misleading
fallacies in the theory of Probability have been due to a use of
the Multiplication Theorem in its simplified form in cases where
this is illegitimate.
2, These fallacies have been partly due to the absence of
a clear understanding as to what is meant by Independence.
Students of Probability have thought of the independence of
events, rather than of the independence of arguments or pro-
positions. The one phraseology is, perhaps, as legitimate as the
other; but when we speak of the dependence of events, we are
led to believe that the question is one of direct causal dependence,
two events being dependent if the occurrence of one is a part
cause or a possible part cause of the occurrence of the other. In
this sense the result of tossing a coin is dependent on the existence
of bias in the coin or in the method of tossing it, but it is inde-
pendent of the actual results of other tosses; immunity from
smallpox is dependent on vaccination, but is independent of
statistical returns relating to immunity; while the testimonies
of two witnesses about the same occurrence are independent,
as these is no collusion between them.
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